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1
$1\leq r<\infty$ $g\in L^{1}(\mathrm{R}^{n})$ $h\in L^{r}(\mathrm{R}^{n})$ ,
Young $f=g*h\in L^{f}(\mathrm{R}^{n})$ \breve \tilde ’ $f\in L^{r}(\mathrm{R}^{n})$
, $g\in L^{1}(\mathrm{R}^{n})$ $h\in L^{f}(\mathrm{R}^{n})$ $f=g*h$
(Hewitt and Ross [7, $\mathrm{P}$ . 271]).
$g\in L^{p}(\mathbb{R}^{\mathrm{n}}),$ $h\in L^{q}(\mathrm{R}^{n}),$ $1/r=1/p+1/q-1,1<p,$ $q<\infty$
, Young $f=g*h\in L^{f}(\mathbb{R}^{n})$ ,
, $f=g*h,$ $g\in L^{p}(\mathrm{R}^{n}),$ $h\in L^{q}(\mathrm{R}^{n})$ $f\in L^{r}(\mathrm{R}^{n})$
$f\in L^{f}(\mathbb{R}^{n})$




(Larsen [11, Corollary 5.6.2]).
, Hewitt and Ross [7], Larsen [11] , $\mathrm{R}^{n}$
Abel $G$
, $\mathrm{R}^{n}$ , $I\nearrow$ Lorentz , Orlicz
, $L^{p}$ $\ell^{q}$
, , Fig\‘a-TaIamtca
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$L^{p}(G)$ Fourier multipliers $\mathrm{R}^{n}$ Banach function
spaces ([13])
2 Banach function spaces & Fig\‘a-Talamanca
$L^{0}(\mathrm{R}^{n})$ Lebesgue
$\Omega\subset \mathrm{R}^{n}$ $\Omega$
$\chi_{\Omega}$ \tau $\Omega$ Lebesgue $|\Omega|$
$L^{0}(\mathbb{R}^{n})$ $E$ $||\cdot||_{B}$
Banach function space (see [1]):
1. If $g\in E$ and $|f(x)|\leq|g(x\rangle$ $|$ , then $f\in E$ and $||f||_{B}\leq||g||_{E}$ .
2. If $0\leq f_{j}\uparrow f\mathrm{a}.\mathrm{e}$ . and $\sup_{j}||f_{j}||_{E}<+\infty$ , then $f\in E$ and $||f_{j}||_{B}\uparrow||f||_{E}$ .
3. If $|\Omega|<+\infty$ , then $\chi_{\Omega}\in E$ .
4. If $|\Omega|<+\infty$, then $\exists C_{\Omega}>0\mathrm{s}.\mathrm{t}$. $||f\chi_{\Omega}||_{L^{1}}\leq C_{\Omega}||f||_{B}$ for $\forall f\in E$ .
$S$ , $S’$ $(E_{k}, ||\cdot||_{B_{h}})$ ,
$k=0,1,2,3$, $(\mathrm{R}^{n}, dx)$ Banach function spaces ,
(i) $(E_{k}, ||\cdot||_{E_{h}}),$ $k=1,2$ , include $S$ densely,
(ii) there exists a constant $C>0$ such that $||f*g||_{E_{0}}\leq C||f||_{B_{1}}||g||_{B_{2}}$ for
all $f,g\in S$ .
$E_{0}$ , $f_{j’ g_{j}}\in S,$ $j=1,2,$ $\cdots,$ $\sum_{j}||f_{j}||_{B_{1}}||g_{j}||_{B_{2}}<+\infty$ ,
$\sum_{\mathrm{j}}f_{j}*g_{j}$ $E_{0}$
$A(E_{0} : E_{1}, E_{2})= \{\sum_{j=1}^{\infty}f_{j}*g_{j}\in E_{0}$ :
$f_{j,g_{j}}\in S,$ $j=1,2,$ $\cdots$ , $\sum_{j=1}^{\infty}||f_{j}||_{B_{1}}||g_{j}||_{B_{l}}<+\infty\}$ .
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$f\in A(E_{0} : E_{1)}E_{2})$ ,
$||f||_{A(E\mathrm{o}:E_{1},E_{2})}= \inf\{\sum_{j=1}^{\infty}||f_{j}||_{E_{1}}||g_{j}||_{E_{2}}\}$
$f= \sum_{j=1}^{\infty}f_{j}*g_{j}$ in $E_{0}(f_{j’ g_{j}}\in S$ ,
$i=1,2,$ $\cdots,$ $\sum_{j=1}^{\infty}|\{f_{j}||_{E_{1}}||g_{j}||_{E_{2}}<+\infty$) $f$
$||f||_{E\text{ }}\leq C||f||_{A(E0:E_{1},E_{2})}$
,
$A(L^{\mathrm{P}0}(\mathrm{R}^{n}) : L^{1}(\mathrm{R}^{n}), L^{p0}(\mathrm{R}^{n}))=L^{p0}(\mathrm{R}^{n})$,
$A(L^{p0}(\mathrm{R}^{n}):L^{p_{1}}(\mathrm{R}^{n}), L^{\mathrm{p}_{2}}(\mathrm{R}^{n}))_{\neq}\subset L^{\mathrm{P}0}(\mathrm{R}^{n})$ ,
$1/p_{0}=1/p_{1}+1/p_{2}-1,1\leq p_{0}<\infty,$ $1<p_{1},p_{2}<\infty$ .
$m\in S’$ Fourier multiplier
$T_{m}$ : $Sarrow S’$
$\langle T_{m}f,\psi\rangle=\langle F^{-1}[mF[f]],\psi\rangle=\langle m,F[f]F^{-1}[\psi]\rangle$ , $f,\psi\in S$ .
$m$
$T_{m}f=F^{-1}[m]*f$
$M(E_{1}, E_{3})=\{m\in S’|T_{m} : E_{1}arrow E_{3}\mathrm{b}\mathrm{d}\mathrm{d}\}$ ,
$||m||_{M(B_{1},E_{S})}= \sup\{||T_{m}f||_{E_{S}} : ||f||_{B_{1}}=1\}$ .
$f\in L^{0}(\mathrm{R}^{n})$
$\check{f}(y)=f(-y)$ , $\tau_{x}f(y)=f(y-x)$ .
$E=L^{p}(\mathrm{R}^{n})$
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(iii) $||\check{f}||_{E}\leq\exists C||f||_{E},$ $||\tau_{x}f||_{E}\leq\exists C||f||_{E}$ for $\forall f\in E,$ $\forall x\in \mathbb{R}^{n}$ ,
(iv) $\lim_{xarrow 0}||\tau_{x}f-f||_{E}=0$ for $\forall f\in E$ .
$F_{f}$ : $g rightarrow\int_{\mathrm{R}^{7}}f(x)g(x)dx$ . $\mathrm{F}\mathrm{i}\mathrm{g}*\mathrm{T}\mathrm{a}\mathrm{l}\mathrm{a}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{a}$
Banach function spaces @
Theorem 2.1 ([13]). $E_{k}(k=0,1,2,3)$ (iii) Banach function
spaces $E_{k}(k=0,1,2)$ (i), (ii), (iv)
$(E_{2})^{*}=E_{3}$ ( $frightarrow F_{f}$ $E_{3}$ $(E_{2})^{*}$
)
$A(E_{0} : E_{1}, E_{2})^{*}\cong M(E_{1}, E_{3})$
$\cong$ $m\in M(E_{1}, E_{3})$ $A(E_{0}$ :
$E_{1},$ $E_{2})$ $\varphi_{m}$
$\varphi_{m}(f)=\sum_{j=1}^{\infty}T_{m}f_{j}*g_{j}(0)$ $(f= \sum_{j=1}^{\infty}f_{j}*g_{j}\in A(E_{0}:E_{1},E_{2}))$
$mrightarrow\varphi_{m}$ $M(E_{1}, E_{3})$ $A(E_{0} : E_{1}, E_{2})^{*}$
Fig\‘a-Talamanca [4] $1<p<\infty,$ $1/p+1/p’=1$
$A(C_{0} : L^{\mathrm{p}}, L^{\mathrm{p}’})^{*\underline{\simeq}}M(L^{p}, L^{p})$
[5] $M(L^{p}, L^{q})$
Corollary 2.2. Theorem Z.l $A(E_{0} : E_{1}, E_{2})=E_{0}$
$M(E_{1}, E_{3})\underline{\simeq}(E_{0})^{*}$ .
Remark 2.1. $A(E_{0} : E_{1}, E_{2})=E_{0}$ two norm theorem (see for example
[11, Theorem D.6.3] $)$ $||f||_{A(B\text{ }:B_{1},E_{2})}\sim||f||_{E_{0}}$ .
Remark 2.2. Corollary 2.2 Banach function space $E_{4}$
$M(E_{1}, E_{3})\underline{\simeq}(E_{0})^{*}=E_{4}$ ( $farrow*F_{f}$ $E_{4}$ $(E_{0})^{*}$
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) $\varphi_{m}(m\in M(E_{1}, E_{3}))$ $F_{k}(k\in E_{4})$
$f=f1*g_{2}\in E_{0},$ $fi,g_{1}\in S$
.
$\varphi_{m}(f)=T_{m}f_{1}*g_{1}(0)$ ,
$F_{k}(f)= \int k(y)(f_{1}*g_{1})(y)dy=\check{k}*f_{1}*g_{1}(0)$ .
$\mathcal{F}[\check{k}]=m$, $T_{m}f=\check{k}*f$ .
3 Lorentz
$f\in L^{0}(\mathrm{R}^{n})$ $\mu(f, s)$ , $f^{*}(t).$ ’ $f^{**}(t)$
$\mu(f, s)=|\{x\in \mathrm{R}^{n} : |f(x)|>s\}|$ for $s\geq 0$ ,
$f^{*}(t)= \inf\{s>0:\mu(f, s)\leq t\}$ for $t\geq 0$ ,
$f^{**}(t)= \frac{1}{t}\int_{0}^{t}f^{*}(s)ds$ for $t>0$
Lorentz $L^{(p,q)}(\mathrm{R}^{n})$ $||f||_{L^{(\mathrm{p},q)}}<\infty$ $f$
$||f||_{L^{(p,q)}}= \{_{\sup_{t}}(\int_{>0}0t^{(q/p)-1}(f^{**}(t))^{q}dt)^{1/q}t^{1/p}f^{**}(t)\infty,$
’




$1<p<\infty$ $1\leq q\leq\infty$ $p=q=\infty$ $||f||_{L^{(p,q)}}$
$L^{(p,q)}(\mathrm{R}^{n})$ Banach function space . $1<p<\infty$
$1\leq q<\infty$ $L^{(p,q)}(\mathrm{R}^{n})$ $S$
Young Lorentz @
Theorem 3.1 ([14, Theorem 2.6]). 1 $<p_{k}<\infty\hslash\mathrm{a}\text{ }1\leq q_{k}\leq\infty$
$(k=0,1,2)$ . $1/p_{0}=1/p_{1}+1/p_{2}-1,1/q_{0}\leq 1/q_{1}+1/q_{2}$
$||f*g||_{[\mathrm{P}\text{ },q\mathrm{o})}\leq 3p_{0}||f||_{[p\iota,q\iota)}||g||_{(p_{2},q_{2})}$ .
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Theorem 3.2. $1<p_{k}<\infty$ $1<q_{k}<\infty(k=0,1,2)$ o $1/p_{0}=$
$1/p_{1}+1/p_{2}$ $-$ $1$ , $1/q\mathrm{o}\leq 1/q_{1}+1/q_{2},$ $q_{1}\leq q_{2’}$
$A(L^{(p0,q\text{ })}(\mathbb{R}^{n}):L^{(p\iota,q_{1})}(\mathrm{R}^{n}), L^{(p_{2},q_{2})}(\mathrm{R}^{n}))_{\neq}^{\subset}L^{(p0,q\mathrm{o})}(\mathbb{R}^{n})$.
Remark 3.1. $1<p<\infty$ $1\leq q<\infty$ $(L^{(\mathrm{p},q)})^{*}(\mathrm{R}^{n})=L^{(d,\phi)}(\mathrm{R}^{n})$ ,
$f\mapsto*p_{f}$ $L^{(p’,q’)}(\mathrm{R}^{n})$ $(L^{(\mathrm{p},q)})^{*}(\mathrm{R}^{n})$
( [1, Corollary 4.8] )
Proof of Theorem S.2. Theorem 3.1 A $\text{ }$
$A(L^{(p0,q\mathrm{o})}(\mathrm{R}^{n}):L^{[p_{1},q_{1})}(\mathrm{R}^{\mathrm{n}}), L^{(p_{2},q_{2})}(\mathrm{R}^{n}))\subset L^{[\mathrm{P}0,q\mathrm{o})}(\mathrm{R}^{n})$ .
$\alpha=n/p_{0},$ $k_{\alpha}(x)=1/|x|^{n-\alpha}$
$k_{\alpha}\in L^{(p0’,\infty)}\backslash L^{(\mathrm{p}0’,q0’)}$ .
Theorem 3.1 $1/p_{2^{l}}=1/p_{1}+1/p_{0’}-1,1/q_{2’}\leq 1/q_{1}+1/\infty$
$||k_{\alpha}*f||_{(p\mathrm{r}’,q_{2’})}\leq 3p_{2’}||k_{\alpha}||_{(p0’,\infty)}||f||_{(p_{1},q_{1})}$.
Corollary 2.2, Remark 2.2
$M(L^{(p_{1},q\iota)}(\mathrm{R}^{n}), L^{(p\mathrm{z}’,q_{2’})}(\mathrm{R}^{n}))\neq L^{(p0’q0’)}’(\mathrm{R}^{\mathrm{n}})$
4 Orlicz
$\Phi$ : $[0, +\infty]arrow[0, +\infty]$ Young function $\Phi$
$\lim_{tarrow+0}\Phi(t)=\Phi(\mathrm{O})=0,$ $\lim_{tarrow+\infty}\Phi(t)=\Phi(+\infty)=+\infty$
Young function Young function $\Phi$
Orlicz
$L^{\Phi}(\mathrm{R}^{n})=\{f\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathrm{R}^{n})$ : $\int_{\mathrm{R}^{\mathrm{n}}}\Phi(\epsilon|f(x)|)dx<+\infty$ for some $\epsilon>0\}$ ,
llflle $= \inf\{\lambda>0:\int_{\mathrm{R}^{n}}\Phi(\frac{|f(x)|}{\lambda})dx\leq 1\}$ .
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$||f||_{\Phi}$ $L^{\Phi}(\mathbb{R}^{n})$ Banach function space .
$\Phi(t)=t^{p},$ $1\leq p<\infty$ $L^{\Phi}(\mathrm{R}^{n})=L^{p}(\mathbb{R}^{n})$ $\Phi(t)=0$ for
$0\leq t\leq 1$ $\Phi(t)=+\infty$ for $t>1$ $L^{\Phi}(\mathrm{R}^{n})=L^{\infty}(\mathrm{R}^{n})$
Young function $\Phi$ $\Delta_{2}$-condition
$\Phi\in\Delta_{2}$ :
$\Phi(2t)\leq C\Phi(t)$ , $t\geq 0$
$C>0$ $\Phi\in\Delta_{2}$ $L^{\Phi}(\mathrm{R}^{n})$ $S$
Young function $\Phi$ $\nabla_{2}$-condition
$\Phi\in\nabla_{2}$ :







Theorem 4.1 ([15, Theorem 2.5]). $\Phi_{k}(k=1,2,3)\text{ }$ Young fiunction $\text{ }$
$\Phi_{1^{-1}}(t)\Phi_{2^{-1}}(t)\leq Ct\Phi_{3^{-1}}(t)$ , $C>0$
$||f*g||\mathrm{r}_{\mathrm{s}}\leq 2C||f||_{\Phi_{1}}||g||_{\Phi_{2}}$ .
Theorem 4.2. $\Phi_{k},$ $(k=0,1,2)$ Young nction $\Delta_{2}$ $\nabla_{2}$
$C^{-1}t\Phi_{0^{-1}}(t)\leq\Phi_{1^{-1}}(t)\Phi_{2^{-1}}(t)\leq Ct\Phi_{0^{-1}}(t)$ $C>0$
$A(L^{\Phi_{0}}(\mathrm{R}^{n}) : L^{\Phi_{1}}(\mathrm{R}^{n}), L^{\Phi_{2}}(\mathrm{R}^{n}))_{\neq}\subset L^{\Phi_{0}}(\mathrm{R}^{n})$ .
Remark 4.1. $\Phi\in\Delta_{2}$ $(L^{\Phi})^{*}(\mathrm{R}^{\mathrm{n}})=L^{\tilde{\Phi}}(\mathrm{R}^{n})$ , $f\ovalbox{\tt\small REJECT}\mapsto F_{f}$
$L^{\tilde{\Phi}}(\mathrm{R}^{n})$ $(L^{\Phi})^{*}$. $(\mathrm{R}^{n})$ ( [16]
)
$\tilde{\Phi}(t)=\sup\{ts-\Phi(s) : s\geq 0\}$ , $t\geq 0$ .
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Proof of Theorem 4.2. Theorem 4.1 A $\text{ }$
$A(L^{\Phi_{0}}(\mathbb{R}^{n}) : L^{\Phi_{1}}(\mathbb{R}^{n}), L^{\Phi_{2}}(\mathbb{R}^{n}))\subset L^{\Phi_{0}}(\mathbb{R}^{n})$.
$\rho(t)=1/\Phi_{0^{-1}}(1/t^{n}),$ $k(x)=\rho(|x|)/|x|^{n}$ $k\not\in L^{\tilde{\Phi}_{0}(\mathrm{R}^{n})}$
$||k*f||_{\tilde{\Phi}_{2}}\leq C||f||_{\Phi_{1}}$ ([12, Corollary 2.3]).
Corollary 2.2, Remark 2.2
$M(L^{\Phi_{1}}(\mathrm{R}^{n}), L^{\overline{\Phi_{2}}}(\mathrm{R}^{n}))\neq L^{\overline{\Phi_{0}}}(\mathrm{R}^{n})$
5 $L^{p}$ $\ell^{q}$ j
$a=$ {az},\epsilon







$\{x=(x_{1}, \cdots,x_{n})\in \mathrm{R}^{n} : |x_{i}|\leq 1/2, i=1, \cdots,n\}$ . $z\in \mathrm{Z}^{n}$
$Q_{z}=\{x\in \mathrm{R}^{n} : x-z\in Q_{0}\}$ $0<p,$ $q\leq\infty$
$(L^{p},\ell^{q})(\mathrm{R}^{n})$ $||f||_{(L^{\mathrm{p}},\ell^{q})}\backslash <\infty$ $f$
$||f||_{(L^{\mathrm{p}},\alpha)}=||\{||f||_{L^{p}(Q_{*})}\}_{z\in \mathrm{Z}^{n}}||_{p}$
$p=q$ $(L^{p}, P)(\mathrm{R}^{n})=L^{p}(\mathrm{R}^{n})$ \epsilon
$1\leq p,$ $q\leq\infty$ $||f||_{(L^{\mathrm{p}},\ell^{q})}$ \Delta $(L^{p},\ell^{q})(\mathrm{R}^{n})$ Btach function
space $1\leq p,$ $q<\infty$ $(L^{p}, \ell^{q})(\mathrm{R}^{n})$ $S$ $\circ$
Young




Theorem 5.2. $1<p_{k},$ $q_{k}<\infty(k=0,1,2)$ $1/p0\geq 1/p_{1}+1/p_{2}-1$
$1/q_{0}\leq 1/q_{1}+1/q_{2}-1$
$A((L^{\mathrm{P}0}, \ell^{q\mathit{0}})(\mathbb{R}^{n}):(L^{p_{1}},l^{q\iota})(\mathbb{R}^{n}),$ $(L^{p_{2}},\ell^{q_{2}})(\mathrm{R}^{n}))_{\neq}\subset(L^{\mathrm{P}0}, \ell^{q0})(\mathrm{R}^{n})$.
Remark 5.1. $1\leq p,$ $q<\infty$ $(L^{\mathrm{p}},P^{q})^{*}(\mathrm{R}^{n})=(L^{\mathrm{p}’}, \psi)(\mathrm{R}^{\mathrm{n}})$,
$f\vdash\rangle F_{f}$ $(L^{p’},\ell^{q’})(\mathrm{R}^{n})$ $(L^{\mathrm{p}},\ell^{q})^{*}(\mathrm{R}^{n})$
( [6, Theorem 2.6]) ) $\text{ }$




$1/|x|^{n-\alpha}$ $(|x|\leq 1)$ ,
$1/|x|^{n-\beta}$ $(|x|>1)$ .
$k\not\in(L^{\mathrm{p}0’},\ell^{q0’})(\mathrm{R}^{n})$
$||f*k||_{(L^{p}\mathrm{a}’,\ell \mathrm{r}\mathrm{z}’)}\leq C||f||_{(L\mathrm{r}1\ell^{q}1)}$, ([3, Theorem 1.5]).
Corollary 2.2, Remark 2.2
$M((L^{\mathrm{P}1},\ell^{q_{1}})(\mathrm{R}^{n}),$ $(L^{p_{2^{l}}},\ell^{q_{2’}})(\mathrm{R}^{n}))\neq(L\mathrm{r}_{0’},pq0’)(\mathrm{R}^{n})$
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